We carry out systematic Monte Carlo simulations of Gō lattice proteins to investigate and compare the folding processes of two model proteins whose native structures differ from each other due to the presence of a trefoil knot located near the terminus of one of the protein chains. We show that the folding time of the knotted fold is larger than that of the unknotted protein and that this difference in folding time is particularly striking in the temperature region below the optimal folding temperature. Both proteins display similar folding transition temperatures, which is indicative of similar thermal stabilities. By using the folding probability reaction coordinate as an estimator of folding progression we have found out that the formation of the knot is mainly a late folding event in our shallow knot system.
Introduction
Proteins are linear polymeric chains of amino acids folded into specific 3D structures. While the linearity of polypeptide chains precludes them from forming knots (i.e. closed loops) in a formal topological sense, their spatial structure has been shown to form knotted conformations by two different methods developed for this purpose. One of these methodologies relies on the fact that both the N-and C-termini of open proteins are typically accessible from the surface and can be connected unambiguously to form a closed loop which can then be analysed using standard knot invariants [1] . Another method is based on the Koniaris-Muthukumar-Taylor (KMT) algorithm, a chain smoothing and chain reduction procedure developed independently by Koniaris and Muthukumar [2] and by Taylor [3] to try to deal with a general conformation.
When it was originally applied to a selection of 3440 Protein Data Bank (PDB) entries, the KMT algorithm revealed a figure-eight, or 4 1 knot, embedded deep inside the native conformation of a plant protein [3] . A more recent survey, which considered all the 32 853 PDB entries that contained proteins, identified 273 knotted conformations [4] . One such conformation was shown to contain a rather complex knotthe 5 2 knot-in a human protein. Despite its complexity, however, this particular 5 2 knot is classified as being a shallow knot because the deletion of 11 amino acids from the Nterminus is sufficient to unknot the fold. Nevertheless, most of the conformations identified as knotted in the PDB correspond to simple, deeply embedded 3 1 (also known as trefoil) knots. For the vast majority of the 3 1 knots reported so far, the number of residues that must be removed from one of the protein's termini to eliminate the knot lies between 25 and 92 [4] .
An interesting variation amongst knotted conformations, which was recently identified in a few proteins, is that of the slipknot [5] . A slipknot is a structure that when examined in its complete form is unknotted in the mathematical sense, but becomes knotted by deletion of a suitable terminal segment, because, just like in a shoelace, it is the arrangement of the terminal segment that unties the knot as the chain folds back upon itself close to one of its ends. Altogether these recent discoveries have triggered a renewed interest in knotted proteins [6] , and studies oriented at revealing how they might fold have just begun [7] .
The timing and mechanisms of knot formation in the folding process have been investigated in different experimental and simulational studies on protein YibK, a 160 residue-long chain that contains a deep trefoil knot in its native fold. A recent study based on the use of φ-value analysis probed the knotted region of the YibK protein and showed that the native structure in this area develops in a slow manner and very late in folding [8] . A previous investigation by the same laboratory reported evidence that the threading of the polypeptide chain into a loosely knotted conformation occurs early in folding, in a denatured-like state [9] . Thus, contrary to earlier views [10] , these findings show that the threading of the polypeptide chain is not the rate-limiting step, at least in the folding reaction of YibK. Other experimental investigations on protein YibK revealed a complex mechanism where two different folding intermediates, formed in parallel pathways, lead to a third intermediate that is en-route to the native structure [11] . Recent molecular simulation studies for the same protein reported as well the existence of two parallel folding pathways, distinguished by the early or late formation of the knot [12] . Interestingly, this investigation points out that chain threading in the folding of YibK seems to involve the formation of a slipknot conformation, created when the C-terminal part of the protein forms a hairpin-like shape, which is then threaded through a loop [12] . According to a very recent study such slipknot conformations play indeed a pivotal role in the folding of knotted proteins by reducing topological bottlenecks [13] . Also noteworthy is the observation by Wallin et al [12] that specific non-native interactions are necessary to observe folding of YibK on a biological timescale. Subsequent molecular simulation studies have shown that a native-centric potential can also successfully fold a knotted structure although in a strikingly less efficient manner [13, 14] . Indeed, while Sulkowska et al [13] reported folding of protein YibK under the Gō potential in 1-2% of the attempted simulations, Wallin and co-workers were able to fold the same protein with 100% efficiency by considering the explicit contribution of proper non-native interactions into the protein energetics [12] .
Another largely open issue is the role of native fold knots in protein function. While knots in proteins are rare [15] , they are conserved amongst structural homologues (e.g. the trefoil knot in carbonic anhydrase can be found in isozymes ranging from bacteria and algae to humans [4] ), which suggests that their existence is not accidental and rather that they would have been preserved throughout evolution because they play a critical role in protein function. Given that all knotted proteins are enzymes and that knots are typically located in the catalytic domain-sometimes even in the highly flexible active site-it was suggested that their presence may provide some added stability to the structure, which, in turn, would enhance catalysis [12] . A very recent simulation effort by Sulkowska et al [14] showed that the thermal stability of a trefoil knotted protein is indeed larger than that of an unknotted homologue with a very similar structure (see also [16] ).
In this paper we carry further the idea of comparing knotted and unknotted proteins and address these questions by studying the folding processes of two model proteins whose native structures differ from each other due to the presence or absence of a knot but have an otherwise similar native structure. The control system S is 'simple', i.e. it is unknotted, and the knotted system K has a trefoil knot. In contrast with other computational studies of proteins with knots where Molecular Dynamics simulations were used to explore their properties and folding dynamics [12-14, 16, 17] , here we use systematic Monte Carlo simulations of Gō lattice proteins. In this framework, the identification of distinct conformations poses no problem and, more importantly, it is possible to generate large statistical samples of the whole folding process of both model systems. These two data sets are used to measure the effects of knots on stability and folding kinetics and to explore other properties of knotted proteins, adding to the relatively few results of simulations available so far. Our results are also complementary to these, in the sense that in contrast with YibK, the model system K has a shallow knot. Interestingly, we found out that a native-centric potential can fold efficiently the knotted system K considered here, and that the knot forms during the late stage of folding. Moreover, we also found similar thermal stabilities for both knotted and unknotted systems, which suggests that the presence of a knot per se is not enough to guarantee an enhancement of protein thermal stability. However, it may be also possible that the stability comparisons are not universal. This paper is organized as follows. In section 2 we describe the models and computational methodologies used in the simulations. In section 3 we present and compare the results on the folding time, the folding transition temperature, the thermodynamic cooperativity, the folding scenarios, the structure of the transition states obtained for the knotted system K and for the control system S, as well as results on the timing and mechanism of knot formation for K. In section 4 we discuss the results and draw some concluding remarks.
Models and methods

The Gō model and simulation details
We consider a simple three-dimensional lattice model of a protein molecule with chain length N. In such a minimalist model amino acids, represented by beads of uniform size, occupy the lattice vertices and the peptide bond that covalently connects amino acids along the polypeptide chain is represented by sticks with uniform (unit) length corresponding to the lattice spacing.
To mimic protein energetics we use the Gō model [18] . In the Gō model the energy of a conformation, defined by the set of bead coordinates { r i }, is given by the contact Hamiltonian
where is the (uniform) interaction energy parameter and the contact function ( r i − r j ) is unity only if beads i and j form a non-covalent native contact, i.e. a contact between a pair of beads that is present in the native structure, and is zero otherwise. In order to mimic the protein's relaxation towards the native state we use the Metropolis Monte Carlo (MC) algorithm [19] together with a local move set that includes corner-flips and end-moves (i.e. displacements of one single bead) and the crankshaft move (which involves the displacement of two beads at the same time) [20] [21] [22] . At each MC step, the probability of applying the Metropolis criteria to a particular chain displacement is 0.2/(N + 6) if the displacement involves moving only one bead or 0.8/ (2N − 3) if it involves the simultaneous movement of two beads. Attempted random moves which are discarded by excluded volume constraints or fail the Metropolis rule are counted as MC steps. A MC simulation starts from a randomly generated unfolded conformation and the folding dynamics is monitored by following the evolution of the fraction of the established native contacts Q. The number of MC steps required to fold to the native state (i.e. to achieve Q = 1.0) is the first passage time (FPT) and the folding time is computed as the median FPT of 500 simulations. Except otherwise stated, folding is studied at the so-called optimal folding temperature T opt , the temperature that minimizes the folding time [23] [24] [25] [26] . Throughout the paper the temperature (T) is measured in units of /k B , where k B is the Boltzmann constant.
Model systems
Two model systems are considered in this study. Their contact maps and three-dimensional structures are shown in figure 1. Both models are geometrically complex as denoted by the high values of contact order (CO) [27] . The backbone of one of these models, termed system K (figure 1, left column), is designed in the form of a trefoil knot; the other, despite forming a geometrically intricate fold, does not contain a knot; this is termed system S (figure 1, right column). System S was constructed from system K by suitably manipulating the arrangement of the backbone within the central core of the knot's structure. As a result there is a very high overlap of 90% between the two structures (only four backbone segments do not coincide) when their backbones are optimally superimposed, indicating that the two native folds are very similar to each other. The chain length of the knotted fold (N = 41) is one unit larger than that of the unknotted one. This difference in size allows the extension of one of system's K chain termini above the cuboids' surface so as to guarantee that both termini can be connected unambiguously to form a closed loop (i.e. to form a topological knot).
The two native folds are represented schematically in figure 1 (bottom row), where the conformations have been smoothed and the conventions of planar knot diagrams were used to choose a projection and characterize the crossings. The portion of the line depicted in grey is the connection between the two proteins' termini that is added to the chains in order to close the loop. It is easy to check using a few Reidemeister moves [28] on these planar diagrams that system K with this loop closure is indeed the trefoil knot, while system S can be transformed into a circle. for system K and system S, respectively [27] . The green circles identify the contacts between the beads of the minimal segment of system K's backbone (which is highlighted in green in the 3D representation) that contains the knot 3 1 ; these are the contacts between beads 3-18, 3-20, 5-20, 5-22, 7-22, 8-21, 10-21 and 12-15. In the planar diagrammatic representation the portion of the line depicted in grey is the connection between the two termini that is added to the chains in order to close the loop. The first bead is coloured red while the last one is shown in blue.
The deletion of either 20 beads from one of system K chain's terminus or of just three beads from the other terminus is enough to eliminate the knot, which is therefore classified as a shallow knot. There are eight native contacts established between the beads of the minimal segment of the backbone that contains the knot (i.e. between bead 3 and bead 22); these are marked with green circles in the corresponding contact map (figure 1, top left). For the sake of simplicity we shall refer to this set of contacts as the knot's contacts.
We note that the two model systems studied here are not maximally compact cuboids. This is due to the fact that we were not able to fold a trefoil knot arranged in a maximally compact cuboid. Indeed, we have actually observed that the system gets trapped in conformations which are highly compact and from which it cannot escape due to excluded volume constraints. This might be an indication that alternative chain moves should be developed to efficiently fold systems with topological entanglements and other structural intricacies [29] . Nevertheless the backbones of both system K and system S are arranged in the form of highly compact structures, having 40 native contacts each. Furthermore, the contact maps displayed in figure 1 (top) uniquely define the corresponding three-dimensional folds representing system K and system S (figure 1, middle).
Knot detection
The chain smoothing and chain reduction KMT algorithm [2] is used to detect whether a given backbone conformation is knotted. Given a PDB conformation, its purpose is to produce a reduced and 'topologically equivalent' representation in which the knotted region is sufficiently far from both chain ends for the knot type to be well defined. The algorithm operates along the backbone by sequential repositioning of each amino acid as long as the backbone does not intersect neither of the two triangles set by the amino acid in its initial and final position and by the positions of its two nearest backbone neighbours. The final positions are chosen so as to smooth progressively the angles and curves of the backbone conformation, and the criterion for a move to be accepted should preserve the chain's 'topological type'. Moreover, whenever three consecutive backbone amino acids are collinear (within a certain tolerance), the amino acid in the middle is removed. When iterative application of the algorithm successfully 'unknots' the initial configuration, the final chain has length 2, providing a simple, computationally efficient method for knot detection.
In order to ascertain whether a given conformation is knotted, a version of the KMT algorithm was used in which the topological trivial motifs of on-lattice conformation such as 'U-turns' were previously reduced. However, unless a probabilistic definition of 'knottiness' is adopted [30] , determining the knot type of an open chain, whether offor on-lattice, is of course not a well-defined mathematical problem. In particular, it is known that the KMT algorithm can classify the same conformation as knotted or unknotted depending only on the choice of the chain end that is taken to be the initial terminus [30] . Other strategies [4, 31] , more sophisticated than the simple KMT approach, also suffer from some degree of ambiguity that is inherent to the ill-posedness of the problem. Nevertheless, in practical applications, the ambiguous cases have been shown to be rare [5, 7] .
Bearing this in mind, in order to determine if a conformation is knotted, we ran the adapted KMT algorithm with different tolerances and in the two different orders for the sequential operations along the chain. All the conformations for which the results depended on the choice of these parameters were discarded. This amounted to at most 2% of the total number of conformations analysed. We stress that the KTM algorithm does not determine the knot type; it only indicates if the knot is present or absent. In order to actually determine the knot type, one should carry out a more detailed analysis, based on knot invariants [28] . So, in principle, other (non-native) trefoil knots, or even knots of higher complexity (4 1 , 5 2 ), could form during the folding process of the knotted model system (or indeed of any other target lattice model). However, this would be highly unlikely for two main reasons. First, since we are using the Gō potential to model protein energetics, the knotted protein system is strongly biased to form the knot that is present in the native structure. Secondly, according to a recent estimate by Lua and co-workers [32] the probability of finding non-trivial knots (3 1 , 4 1 , 5 2 ) in random compact lattice loops of the size considered here is extremely small (<0.02). Here, we have inspected one-byone all the relevant conformations identified as knotted by the KTM algorithm to be sure that no spurious knots were formed in the folding of system K.
Folding probability calculation
The folding probability, P fold ( ), of a conformation is defined as the fraction of MC runs which, starting from , fold before they unfold [33] . Because a P fold calculation amounts to a Bernoulli trial, the relative error resulting from using M runs scales as M 1/2 [34] . Thus, in order to accurately compute P fold , we consider 500 MC runs equally divided into five sets of 100 folding simulations. The average value of P fold is computed for each set, and the mean of all five sets, together with its standard deviation, is evaluated. Each MC run stops when either the native fold (Q = 1.0) or an unfolded conformation is reached. A conformation is deemed unfolded when its fraction of native contacts Q is smaller than Q U . In order to estimate the cut-off Q U , we compute the probability of finding some fraction of native contacts Q in 200 MC folding runs [35, 36] . A highprobability peak centred around the fraction of native contacts Q ≈ 0.125, appears for system K, while for system S the frequency peaks at Q ≈ 0.1 (data not shown). These fractions of native contacts are considerably low and therefore identify states with minimal residual structure. In this work we use these fractions of native bonds to establish Q U for each model protein.
Two ensembles, containing 15 000 and 14 000 conformations were collected from independent MC folding runs for system K and system S, respectively. Each conformation was sampled from the run's last 5 × 10 6 MCS. The folding probability of each conformation was measured as outlined above and conformations were partitioned into two ensembles with P fold = 0.0 and P fold = 1.0 and into five ensembles with P fold in the intervals (0, 0. 
Structural clustering
To investigate the degree of conformational heterogeneity in an ensemble of conformations with some P fold we use the structural clustering method of [36, 37] . The method groups conformations according to their degree of structural similarity by comparing every possible pair of conformations based on one (or more) measures of structural similarity. As in [36] the measure of structural similarity between two conformations here used is the parameter s, which is defined as the ratio between the number of native contacts the two conformations have in common and the number of native contacts formed in the conformation with higher Q. Two conformations are considered structurally similar (i.e. they belong to the same structural class) if s is larger than some cut-off S. In order to establish S we note that as S increases from 0 to 1, the number and size of the identified clusters changes. Since we are interested in representative clusters (i.e. with a statistically sound number of conformations) with distinct structural traits, we selected clusters with size 5% than that of the starting ensemble, and for which no conformation is similar by more than s = 0.9 to a conformation in another identified cluster (i.e. S = 0.9).
Results
The folding transition temperature
In this subsection we compare the thermal stabilities of systems K and S. The folding transition temperature T f (typically denoted as melting temperature T m in the experimental literature) is a measure of the protein's thermal stability. By assuming a strict two-state folding transition, experimentalists usually estimate the transition temperature as the temperature at which the denatured and native states are equally populated at equilibrium. An easy way to estimate T f in the lattice model, which is similar to that employed in experiments, is from the temperature dependence of a macroscopic quantity, e.g. the average number of native contacts Q [38] ( figure 2, left) . In doing so, we find that the estimated folding transition temperature T * f is 0.662 for model system K, while model system S displays a slightly higher T * f = 0.682. For the lattice model, however, T f is defined microscopically as the temperature at which the equilibrium population of the native state is half of the total population (i.e. the probability that Q = 1 is 1/2 at T f ) [39] . In other words, at T f , the protein spends half of the time in its native conformation. Therefore, in order to determine T f we actually count the number of times the native state (i.e. Q = 1) appears in very long MC runs. By using the microscopic definition of T f we find that the transition temperature of system S is T f = 0.54 (which is the same as its optimal folding temperature), while for system K it is just slightly larger, namely, T f = 0.58. Thus, the folding transition temperatures of the two model systems show marginal and negligible differences which is indicative of similar thermal stabilities. We further confirmed this by exploring the dependence of the unfolding time on the simulation temperature. The proximity between both curves is also indicative of similar thermal stabilities (figure 3). Figure 4 . Dependence of the logarithm of the folding time on the simulation temperature. At the optimal folding temperature T opt (i.e. the temperature that minimizes the folding time) the folding of system K is three times slower than that of system S (left). The right panel shows evidence for single-exponential relaxation at T opt for both knotted and unknotted folds. The single-exponential nature of the folding kinetics is particularly stronger in system K (R 2 = 0.99) than in system S (R 2 = 0.93). Table 1 provides a summary of the kinetic and thermodynamic properties of both model systems.
Thermodynamic cooperativity
In this subsection we present evidence for similar thermodynamic cooperativities for both the knotted and the unknotted fold. Since a more thermodynamic cooperative folding transition corresponds to a more pronouncedly bimodal conformational distribution [40] , we have analysed the probability distribution at T * m for the fraction of native contacts Q in order to explore possible differences in thermodynamic cooperative behaviour between system K and system S. Results reported in figure 2 (right) show no differences between both model structures.
Folding times
In this subsection we show that the knotted fold displays a larger folding time at the temperature of fastest folding T opt . We started by exploring the dependence of the folding time on the simulation temperature. Results reported in figure 4 (left) show that the folding of both target models is strongly temperature dependent. At T opt system K folds three times slower than system S, which shows that the formation of the knot increases indeed the difficulty of finding the native conformation. Furthermore, this difference in folding performance is amplified for T < T opt (e.g. at T = 0.48 system S folds seven times more rapidly than system K), showing that the folding of the knotted protein is less robust against temperature change.
At T opt the folding of both model systems closely approximates a single-exponential relaxation. Interestingly, the single-exponential behaviour of folding kinetics is clearly stronger in the case of system K (figure 4, right).
Slipknots and knot formation
It has been suggested that to generate a knot in its structure, the protein needs to thread a part of its backbone through a loop via a slipknot conformation [4] . The observation that the folding of knotted proteins involves an intermediate conformation with a slipknot was recently reported in the context of off-lattice Molecular Dynamics simulations of a simple coarse-grained model of proteins YibK and YbeA [13] . In order to get insight into the mechanism that governs the formation of the knot we have explored in detail a few individual MC runs in order to look for precursors of the knotted conformation. In some cases, we could observe that the formation of the knot proceeds indeed through a slipknot conformation. An example of a slipknotted conformation is shown in figure 5 : towards the end of the folding process a small hairpin formed by four terminal residues enters the core of system S, subsequently extending its end branch to knot the backbone. . During folding, native contacts in system K form earlier than native contacts with similar backbone separation in system S. Bonds represented in red are those common to both structures, and the green circles indicate the knot's contacts, which form for first time in less than 2% of the folding time.
Folding scenarios
Cieplak and co-workers [42] [43] [44] have introduced the so-called 'folding scenario' representation to characterize the folding process in off-lattice simulations of protein folding. In a folding scenario, the average time to form a native contact for the first time, t contact , is plotted against the contact length (i.e. the backbone separation between the two beads that establish the contact). Typically, in off-lattice simulations, the folding scenario shows a mostly monotonic increase of t contact with the sequential distance between the two beads forming a contact. Figure 6 reports the average time needed to form a native contact (normalized to the folding time) for system K (left) and system S (right), where the error bars indicate dispersion in the values of t contact ; the average is computed as the mean time to form a contact for the first time in 500 MC runs. Contacts marked in red are those that exist in both structures, while contacts marked with green circles in the plot for system K are the knot's contacts.
Compared with that of system S, the scenario displayed by the knotted system shows a weaker monotonic dependence of t contact on the contact length. For example, about 20% of system's K native contacts (with sequence separation ranging between 10 and 25 units of backbone distance) form during the first 1% of the folding time. Also, the vast majority of system's K contacts takes 2% of the folding time to form for the first time. It is interesting to note that in system K the contact that takes more time to form (the non-local contact between beads 3 and 30) does it 20% earlier than the equivalent contact in system S. This observation translates the general trend observed in the folding of system K which is that all of its native contacts form for the first time earlier than in system S. We interpret this as being a consequence of the different time scales of the two folding processes we are comparing, while the exploration of conformational space in early folding and the first occurrence of native contacts takes place on the same time scale for the two systems.
We have also considered an alternative description of the folding process that is based on measuring the 'fixation time', t fix , of a native contact, a measure similar to that introduced in [45] for the formation of secondary structural elements. By fixation time we mean the (average) time (in number of MC steps) corresponding to the final formation (or fixation) of a native contact: from this 'instant' onwards the contact does not break until the protein reaches its (final) native conformation. Results reported in figure 7 show the 'fixation scenarios' for system K (left) and for system S (right), where t fix is normalized to the run's FPT.
A comparison between both scenarios shows that the number of native contacts that get fixed first (i.e. in less than 95% of the total folding time) is three times larger for system K. Interestingly, 50% of these native contacts are knot's contacts. However, the fixation scenarios are overall much more similar than the scenarios displayed for first time formation of native contacts.
Transition state ensemble
Here we explore the transition state (TS) ensembles of systems S and K by using the folding probability analysis method. It has been reported in studies of lattice models that P fold ( ) may serve as a reaction coordinate for the folding process when it corresponds to a two-state transition [33] . In particular, any optimal (i.e. minimal free energy) trajectory connecting unfolded states with the native basin must cross conformations for which P fold ( ) is equal to 1/2. It is thus interesting to consider the properties of all conformations that are close to this threshold, specifically those satisfying condition 0.4 < P fold ( ) < 0.6. It should be noted, however, that not all of these states would actually lie on paths which are truly optimal. The set of fast folding conformations with 0.4 < P fold ( ) < 0.6 will be referred to as the transition state ensemble (TSE).
The conformations with 0.4 < P fold ( ) < 0.6 were selected from the original ensemble of ∼15 000 conformations; there are 1008 and 877 such conformations for model systems K and S, respectively. The results reported in figure 8 show the time necessary to reach the naive structure starting from each conformation with 0.4 < P fold ( ) < 0.6 for system K (left) and system S (right). In the case of system K, the vast majority of these conformations are able to reach the native structure very rapidly. Indeed, they do so one order of magnitude faster than a randomly generated unfolded conformation. In contrast, for system S there is a significantly large number of conformations with 0.4 < P fold < 0.6 that are actually trapped states. Indeed, these conformations need more (or at least as much) time to find the native structure than a random coil type conformation (figure 8, right) and display non-native contacts formed with considerably high probability (p > 0.75). This should not be surprising because at the optimal folding temperature, T opt , the folding kinetics of system S is markedly less single-exponential than that of system K ( figure 4) . Fortunately, the application of the structural clustering method separates the kinetic traps from TSE conformations. The assessment of the degree of conformational heterogeneity in the TSE pinpointed two relevant structural classes for the knotted model system.
As shown in figure 8 (left)-and with the exception of two outliersthe conformations within both classes are typically very fast folders. The fastest folding cluster, which is deemed cluster A, folds on average in 3.4% of the folding time, while the other cluster, termed cluster B folds slightly slower in 4.3% of the folding time. The probability maps reported in figure 9 (top) show the probability of occurrence p of each contact (native and non-native) in the ensemble of conformations forming cluster A (left) and cluster B (right) (contacts formed with small probability p < 0.2 are discarded). A comparison between the two probability maps shows that both clusters have a very similar number of native contacts formed with high probability (p > 0.8). However, cluster A ( Q = 0.41) is less consolidated (i.e. it has less native contacts and more non-native contacts formed with probability p > 0.2) than cluster B ( Q = 0.51). The three-dimensional structure of the conformation that is the more nativelike (i.e. which has more native contacts formed) illustrates the difference Figure 9 . Probability to find a contact (native and non-native) in the ensemble of 51 conformations forming cluster A (left) and in the ensemble of 395 conformations (with log 10 t < 6) forming cluster B (right). The probability map only shows the contacts forming with probability p > 0.2. Among the latter we distinguish those that form with probability 0.5 p < 0.8 (orange squares) from those that form with higher probability p 0.8 (red squares). Grey squares represent contacts forming with intermediate probability 0.2 < p < 0.5. The yellow crosses represent the native contacts and the green circles indicate the knot's contacts. To highlight the differences between both clusters, the three-dimensional structures of the most nativelike conformation within each cluster (Q = 0.53 for cluster A and Q = 0.7 for cluster B) are also shown (bottom). The conformation representative of cluster A is knotted.
between the identified structural classes (figure 9, bottom). Furthermore, an important but subtle difference between both probability maps concerns the formation of the so-called knot's contacts. All of them are systematically formed with very high probability (p ∼ 1) in cluster A, and two of them (namely, contacts 8-21 and 10-21) are actually twice more probable in cluster A than in cluster B ( figure 9, top) . Therefore, one is led to conjecture that the backbone of system K is knotted in cluster A but not necessarily so in cluster B. Indeed, by applying the KMT algorithm to each conformation, we confirmed that the knot is present with a remarkably high probability of 74% in cluster A, but only in 1.3% of the conformations pertaining to cluster B.
A similar analysis carried out for system S pinpointed as well the existence of two structural classes. There is cluster A (with fraction of native contacts Q = 0.46), whose conformations fold on average in 15% of the total folding time, and cluster B (with fraction of native contacts Q = 0.53), which folds slightly slower in 17% of the folding time ( figure 10) . Interestingly, the conformations that represent system's K TSE fold up to five times more rapidly than those representing the TSE of system S.
Timing of knot formation
Here, we investigate when the knot in system K forms during the folding process and show that the formation of the knot is mainly a late folding event. In doing so, we get insight into the following question: Is the formation of the knot the rate-limiting step in folding? Or are the folding and knotting mechanisms uncoupled from each other? In order to address this question we have evaluated the fraction of knotted conformations in each considered P fold ensemble. To detect the presence (or absence) of the knot in some conformation we have applied the KMT algorithm as outlined before. The probability of the knot being present in an ensemble with M conformations follows the binomial distribution whose error scales with √ M. Since the number of conformations in each P fold ensemble is typically large (e.g. it ranges between 1008 conformations in the ensemble with 0.4 < P fold < 0.6 to 3493 conformations in the ensemble with 0.0 < P fold < 0.2) the relative error is typically very small. We note that the conformations with log 10 t 6 were discarded from the ensemble of conformations with 0.4 < P fold < 0.6 as some of them are clearly trapped states.
Results reported in figure 11 show that the formation of the knot is mainly a late folding event. Indeed, the knot forms with very small probability (∼0.001) in early folding (P fold < 0.3) but this probability increases sharply when folding is close to completion (e.g. it shows a threefold increase for P fold = 0.7 and a fivefold increase for P fold = 0.9). The probability of the knot being formed very early in folding is practically null. This observation is consistent with the scenario where the threading of the chain and the formation of the native structure in the knotted region both occur late in folding. Thus, the formation of the shallow knot follows a different process from that of the Figure 10 . Probability to find a contact (native and non-native) in the ensemble of 164 conformations forming cluster A (left) and in the ensemble of 118 conformations forming cluster B (to construct the probability maps conformations with log 10 t 6 were discarded). The probability map only shows the contacts forming with probability p > 0.2. Among the latter we distinguish those that form with probability 0.5 p < 0.8 (orange squares) from those that form with higher probability p 0.8 (red squares). Grey squares represent contacts forming with intermediate probability 0.2 < p < 0.5. The three-dimensional structure of the most nativelike conformation within each cluster (Q = 0.6 and Q = 0.7 for clusters A and B, respectively) is also shown (bottom).
knot in protein YibK. In the latter, although the native structure in the knotted region of the protein remains undeveloped until very late in the folding reaction [8] , the threading of the chain occurs early on in the folding process [11] .
Discussion and conclusions
We have performed extensive lattice Monte Carlo simulations to explore the folding process of a model system whose backbone is arranged in the form of a trefoil knot. This knot is rather shallow since it is located near one of the ends of the polypeptide chain. We have further compared the folding process of the knotted structure with that of a decoy structure constructed from the knotted one which-despite sharing an overall similar topology-does not contain the knot (i.e. it is unknotted). Our results show that, under conditions of optimal temperature, folding to the knotted protein is considerably slower than folding to the unknotted one. However, and perhaps surprisingly, both knotted and unknotted folds have identical thermal stabilities as denoted by very similar transition temperatures. This finding is in contrast with recent reports from computational studies which indicate that a knotted topology enhances thermal stability [14] . However, the observed discrepancy might be due to the location of the lattice knot which is very near to the protein termini, while previous investigations were concerned with knots that Figure 11 . Probability to find the knot along the folding process. Folding progression is monitored by means of the folding probability reaction coordinate, P fold . The formation of the knot occurs essentially late during folding as denoted by the sharp increase in the fraction of knotted conformations for P fold > 0.6 thus suggesting that knotting and folding are two decoupled processes. The relative error in evaluating the knot's probability of being present in each P fold ensemble ranges between 0.0004 and 0.01; due to its small size the error is not represented in the plot.
are deeply embedded into the native structure. We therefore conclude that the presence of a knot per se is not sufficient to guarantee an enhancement of the protein's thermal stability and might explain why the vast majority of trefoil knots found in real world proteins correspond to deeply embedded knots, instead of shallow knots.
The study of the transition state ensemble revealed that the times needed to achieve the native state starting from TSE conformations are shorter for the model system that contains the knot. Adding up the fact that its folding time (starting from random coil type conformers) is larger than the folding time of the system without the knot, this observation implies that the knotted system spends considerably more time (than the unknotted one) in the exploration of pre-transition state conformational space. This is possibly due to the existence of a larger amount of topological frustration in the form of backtracking. The concept of backtracking was introduced by Onuchic and co-workers [46] to describe a situation where the protein unfolds and refolds again due to the incorrect order along time of formation of the native contacts (the idea is that topology determines the time ordering according to which native contacts should form during folding, and as the topological complexity increases such an ordering process should get more strict).
We note that with regard to the presence of non-native contacts, only marginal differences were found between both TSEs, and potentially allowed non-native contacts appear to be scarce in both. Recent off-lattice simulations [12] have shown that non-native interactions play an important role in driving efficient folding to a native structure having a deeply embedded knot. Here, we have focused on a lattice system displaying a shallow knot that we could fold efficiently by using a native-centric potential. Thus, our results suggest that non-native interactions are not essential to fold proteins with shallow knots. However, it is expected that adding wellchosen non-native contacts may accelerate the folding process and perhaps even allow for folding into knotted maximally compact structures.
By evaluating the probability of knot formation in ensembles of conformations with increasing folding probabilities, we have found that the knotting of the backbone is mainly a late folding event. This shows that in the case of shallow knots, the threading of the polypeptide chain into a knot occurs mostly late in folding. This late process may not be possible in the case of deeply embedded knots for which threading movements leading to knot formation involve a substantially large part of the polypeptide chain. In this case, and as the experiments with YibK suggest [11] , threading should occur in a denatured-like conformation, resulting in the formation of a loosely knotted structure that subsequently slowly consolidates its knotted region towards the late stages of folding [8] .
